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Abstract 

We present a simplified proof of the von Neumann’s Quantum Er¬ 
godic Theorem. This important result was initially published in ger¬ 
man by J. von Neumann in 1929. 

We are interested here in the time evolution ipt, t > 0, (for large 
times) under the Schrodinger equation associated to a given fixed 
Hamiltonian H : Ti ^ Ti and a general initial condition po- The 
dimension of the Hilbert space T-L is finite. 


1 Introduction 

Consider a fixed Hamiltonian H (a complex self adjoint operator) acting on 
a complex Hilbert space "H of dimension U, where D > 3. Then, 'H can be 
written as 

H = Vi © ... © Vk^ 

where each Va, a = 1,2, is the subspace of eigenvectors associated to 

the eigenvalue Aa, and Ai < A 2 < ... < Xk- 

We hxed an initial condition bo for the dynamic Schrodinger evolution. 
We consider the time evolution bt = e“**^(bo)) ^ > 0, and we are interested 
in properties for most of the large times (not all large times). 

Now we consider another decomposition V oi T-L (which has nothing to 
do with the previous one) 

H = Ui® ... ©Jfiv, N >2. 

We can consider a natural probability on the set A of possible decompo¬ 
sitions V and we are interested here in properties for most of the decomposi¬ 
tions P. For small J > 0 we are interested in the concept of a (1 — 5) generic 
decomposition T) (in the probabilistic sense). 
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For a given fixed subspace l-Ly of "H, z/ = 1,the observable (the 
orthogonal projection on T-Li,) is such that the mean value of the state " 04 , 
f > 0 , is given by =< PH,( 00 , 0 t >= \PnA^t) P- 

In the first part of the paper, following the basic guidelines of the original 
work by J. von Neumann, we present lower bound conditions (in terms of 6, 
etc...) on the dimensions d^, z/ = 1, 2,.., N, of the different of a (1 — 6)- 
generic orthogonal decomposition V of the form "H = "Hi © ... © "Hat, in 
such way that the dynamic time evolution 0 t, f > 0 , of a given 0 O; for rnost 
of the large times t, has the property that the expected value is 

almost In this way there is an approximately uniform spreading of ^|Jt 
among the different l-iy of a generic decomposition P. In this part the main 
result is Theorem [T3 We point out that these estimates are for a hxed initial 
condition - 00 • 

The von Neumann’s Quantum Ergodic Theorem provides uniform esti¬ 
mates for all 00. This result is presented in Theorem [191 This will be done 
in the second part of the paper which begins on section 01 In order to get 
this theorem it will be necessary to assume hypothesis on the eigenvalues of 
the Hamiltonian El (see hypothesis Tl fH just after Lemma [TBD . 

Suppose for instance that A : EL EL is an observable and this self 
adjoint operator has spectral decomposition 

EL = ELi ® ... ®ELn, 

where Up, p = is the subspace of eigenvectors associated to the 

eigenvalue 0^, and 01 < 02 < ••• < 0Af- The probability that the measurement 
of A on the state 0t is 0p is given by < P-Up{'ipt),'il^t >■ This shows the 
relevance of the result. The point of view here is not to look for generic 
observables but for generic decompositions. 

We stress a point raised on [2] . What is proved is a property of the kind: 
for most P something is true for all 0o- And, not a property of the kind: for 
all 00, something is true for most P. 

Of course, the main result can also be stated in terms of limits, when 
T —)■ oo, of means ^ f E^^{P-^^)dt, which is a more close expression to the 
one present in the classical Ergodic Theorem. 

We present here a simplified proof (with less hypothesis in some parts) 
when dim EL is finite of this important result which was initially published 
in german by J. von Neumann in 1929 (see m)- The paper [T] presents a 
translation from german to english of this work of von Neumann. This 1929 
paper also consider the concept of Entropy for such setting. We will not 
consider this topic in our note. 
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Several papers with interesting discussions about this work appeared re¬ 
cently (see for instance n. 0 and other papers which mention these two) 

Consider a general connected compact Riemannian manifold X and its 
volume form. When properly normalized this procedure dehnes a natural 
probability wx over X. 

Given a compact Lie group (real) G, one can consider the associated bi¬ 
invariant Riemannian metric. If iL is a closed subset of G, this metric can be 
considered in the quotient space X = ^ and in this way we get a probability 
on such manifold X. We will denote by tt the projection. 

When we consider expected values of a function / this we will be taken 
with respect to the above mentioned probability. 


Lemma 1. Given a continuous function / : W —)• C and tt : G —)■ X the 
canonical projection, then 


a) vol{S) 


vol{n ^(S*)) 
vol{H) 


for every Borel set S C X, and 


b) Ex{f) = EG{fon). 

The hrst integral is taken with respect to the volume form wx and the 
second with respect to the volume form wg- 
Note that vol (G) = vol (X) vol (H). 

The proof is left for the reader. 

Suppose "H is a complex Hilbert space of hnite dimension D with an inner 
product < , > and a norm | |. 

Suppose we £x a decomposition V, that is, 

E : j-i = j-Li 0 ... 0 Hx 

X > 1, is a orthogonal direct sum where dim "Hj, = dy > 0 for all u = 
1,2,...,X. 

Denote the orthogonal projection of Ti over 

Moreover, S' = {-0 G "H | |'0| = 1} denotes the unitary sphere. S has a 
Riemannian structure with a metric induced by the norm in "H. In the same 
way as before, there is an associated probability ws is S. 

Lemma 2. For any v = 1, 2..., N, 

Es{\Pu{.)\^)= [ \PA^)\"dws{cl>) =^. 
s 
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Proof: 

Suppose V is fixed, then take ■^i,'^ 2 , •••, t/’D, and orthogonal basis of "H, 
such that, 'ipi,'ip 2 , is an orthogonal basis of 1-1^. 

Given 0 = J2f=i ^ where kiP = 1) then 



P^(0) \^dws{(t)) = Y1 

Js 


Xi 


‘^dws{x). 


Note that the integral \xj\^dws{x) is independent of j and 



vol (S') = 1. 


Therefore, for any j 



Therefore, it follows that 



‘^dws{x) 


du 

15 ' 


□ 


Lemma 3. For any z/ = 1, 2..., N, 


VarsdPA.)?)^ f -^fdwsW 

V s 


di/ i^D dj^^ 
P)2 (P + 1) ■ 


Proof: In order to simplify the notation we take u = 1. Then, we denote 
d = di and P = Pi. 

Take 01,02, ■■■,'4’d, and orthogonal basis of "H, snch that, 0i,02, ■■■,'ipd is 
an orthogonal basis of "Hi. 

By last Lemma we have 


/ (XW? -^fdwsW = 

J s 

[ Xm^dwsX) -2^ f \Pm^dws(<l>) + (P^^ 

J S J s 
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f \P(4,)\‘dwsw - dr. 

V s 

If 0 = Ef=i Xj e s, then P(0) = dj- 

Therefore, 



P(0)|^cit(;s(0) 


1 

vol (S) 



^ dS{x) 


(P -\- d 
D{D + iy 


The last equality follows from a standard computation (see Appendix 1). 
From this follows the claim. 

□ 


2 Changing the decomposition 

P is hxed for the rest of the paper. 

Now we change our point of view. We £x 0 G P and we consider different 
decompositions of "H in direct sum. More precisely, we fix P = dim "H and 
N and we consider fixed natural positive numbers dy, v = 1,2,...,A^, such 
that di + d 2 + ... + djsi = P, and then, all possible choices of orthogonal 
decompositions with this data. 

We denote by A((ii, (i 2 , •••, "H) = A the set of all possible P, that is, 

all possible orthogonal direct sum decompositions 

V ■. n = Ui® ...®'Hn. 

For fixed z/ = 1,2,..., A, then PyiV) denotes the projection on l-iy asso¬ 
ciated to the decomposition V. 

Each choice of orthogonal basis ■^i,'^ 2 , •••, t/’D of "H, defines a possible 
choice of direct orthogonal sum decomposition; 

Pi is generated hj {tpi, P 2 is generated by {ddi+i, ...,^ 4^+42 } , 

and, so on. 

The set of all orthogonal basis is identified with the set of unitary op¬ 
erators U{D) which defines a compact Lie group and a Haar probability 
structure. 

In this way, 

A =__ 

U{di) X U{d2) X ... X U{dN) 

In the same way as before we get a probability wa over A. Therefore, it 
has a meaning the probability wa{B) of a Borel set P C A of decompositions. 
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Lemma 4. Consider a continuous function / ; M —)■ M. Then, for fixed 
z/ = 1, 2..., N, and fixed 0 and V 

[ f{\P,.{V)(l>\)dws{4>) = [ f{\PAV)^\)dwA{V). 

Js Ja 

This constant value is independent of (f and V. 

Proof: If t/ : "H —)■ "H, is unitary, then U P denotes 

U{Pi) 

Then, for fixed 0 and P we have 

P,{UP)U{<P) = UP,{P)(t). 

We prove the claim for Pi. Suppose '>pi,'>p 2 , is an orthogonal basis 

of P, such that, '>pi,'>p 2 , ■■■,'f’ch is an orthogonal basis of "Hi. 

We can express (p = '^j moreover U ( 0 ) = '^f=i Xj 

Uippi), U{'ip 2 ), ■■■lUiipD) is an orthogonal basis of P associated to UP and 
Uippi ), U{'ip 2 ), ■■■,U{fjdi ) is an orthogonal basis of UifPi). 

Then, 


D di 

P,(UV)U(4,)^P,(UV) = 


i=i 


i=i 


By the other hand 


D 


di di 

u P,(V)4. = u P,{V){J2 i’i) = U(Y^ X, ii) = 


i=i 


j=i 


i=i 


and this shows the claim. 

Therefore, we get 

\P,iUP)U{(j))\ =\U-^P,iUP)U{(j))\ =\U-^UP,iP)(j)\ = \P,iP)(j)\. 
Finally, for a fixed P and a variable U 


/ f{\P,x{P)<P\)dws{<P) = / f{\P.{UP)U{<P)\)dws{<P) 
Is Js 


filPAUP) {4>)\)dws{4>), 
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because ws is invariant by the action of U. 

Then the above integral on the variable 0 is constant by the action of U 
in a given decomposition V. 

Now consider a hxed and another general 02 = where U is 

unitary. 

As tCA is invariant by the action of U the integral 



f{\PAV) cl>2\)dw^{V) 



f{\P,{UV)U{(l),)\)dw^{V) = 


f{\U P,{V) (l),\)dw^{V) 


f{\p,{v)4>,\)dwA{v) 


Ja J a 

is constant and independent of 0. 

Remember that ws x wa is a probability. 
Consider now 


I J f{\P,{V) 0 I )dws{cl>)dw^{V) = 
j [ j f{\Pu(P)4>\)dws{(l>)] dwAiP) = 

j [ j f{\P,^{P) <P\) dw AiP) ] dwsicj)), 

then by Fubini we get the claim of the Lemma (since the unitary group 
acts transitively on S and on A). 


Corollary 5. Consider a fixed f eP such that |0| = 1. 
Then, for u = 1,2...,N, we get that 


and 


Ea{\PA-){4>)?) 


dy 

15' 


VarA{\Py{.){(t>)?) 


dy i^D dy'j 

D2 (D + 1) ’ 


where . denotes integration with respect to V. 


Proof: This is consequence of Lemmas [2], [3] and 01 


□ 
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Definition 6. Given 5 > 0, a Hilbert space H and natural positive numbers 
dj,j = 1,2, such that, di + d 2 + ... + = D = dim H, we say that a 

property is true for V G A{di,.., d^, 'H), in (1 — 5) sense, if the property is 
not true only for elements V in a set of probability wa smaller than 5. 


Corollary 7. Suppose e > 0 and 5 > 0 are given. Consider natural positive 
numbers u = 1,2, ...,N, such that, di + d 2 + ... + djsi = D = dim H, and 
moreover assume that, for all v = 1, 2..., N, 


dy>D- 


6 D {D + 1) 


Consider a fixed (f such that |0| = 1. Then, for decompositions V G 
A((ii, disf, Ti) in the (1 — 5) sense, and v = 1,2..., N, we have 




du I / di/ 

D 


Proof: By Corollary |5] and Markov inequality we have 


WA{[\PA'I^)i^) 


du 


> e" 


DN 


< 


{D-d,,) DN N{D- d„) 

D2 {D + 1) ^ “ e‘^D{D + iy 
Then, the probability that all N inequalities do not happen is 


( 1 ) 


by hypothesis. 


1-N 


N{D- d,) 
e^D{D + l) 


>1-5 


□ 


The corollary above means that for a fixed cf, if the d,, are all not very 
small, then for a big part of the decompositions D we have that 

ia.(i>)('#>)r 

is close by the mean value %. 


Definition 8. Given a Hilbert space Ti and a fixed decomposition V (asso¬ 
ciated to natural positive numbers dj,j = 1,2,...,N, such that, di + d 2 + 
... + d]^ = D = dim TL, we define a semi-norm in such way that for a linear 
operator p : TL ^ TL, by 

|p|oo = |p|^= sup \Tr{pPyV)\ 

l<u<N 










The above means that if | p |oo is small, then all expected values Ep^{p), 
V = 1, 2,are small 

\(f) > < (f) \ will denote the orthogonal projection on the unitary vector (j) 
in the Hilbert space "H. 


Lemma 9. Consider a 0 G "H = "Hi © ... © "Hat such that |0| = 1. Denote 

Pmc 'd^H' 

Then, 


I I 0 >< (/) I - Pmc loo = sup I \Pu{D) (0)1^-^ |. 

l<v<N rJ 

Proof: 

Suppose -01,-02, '0_D is orthogonal basis of TL, such that, •■■iV'di 

is an orthogonal basis of "Hi. 

If 0 = Yl!j=i then, for i = 1, 2,..., di. 


0X01 |Pl(0i) >= I 0 > < 0 I |0i > 


and 

for i > di- 
Therefore, 


0X01 |Pl(0i) >= 0 


D 

Xj Xj (f)j 

i=i 


Tr [|0X0||Pi(.) >] = 5^ |x,f = |Pi(0)p. 

In an analogous way we have that for any u 

Tr [|0X0||P,(.) >]= |P,(0)|2. 


From this follows the claim. 


From the above it follows: 


□ 


Corollary 10. Under the hypothesis of Corollary we get that for decom¬ 
positions V G A(di,.., div, Ti) in the (1 — 6 ) sense, 


(j)>< (j) 


Pmc |oo 


< sup e 

l<v<N 



□ 
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3 Estimations on time 


Definition 11. Given 6 > 0 we say that a property for the parameters t G M 
is true for (1 — 5)-most of the large times, if 

1 

liminf > 1 — 5, 

T^oo I 

where At is the set of t E [0,T] where the property is verified and fi is the 
Lebesge measure on M. 


Lemma 12. Suppose / : M ^ M is continuous and non negative. Consider 
a certain 7 > 0. 

Suppose p is such that 

1 

hmsup - f{t) dt < p. 

T^oo J- Jo 

Then, fit) <7 for 1 — f^-most of the large times. 

Proof: 

[ f{t)dt> [ f{t)dt>jfi{{te[0,T]\f{t)>-f}). 

Jo Jf{t)>-y 

Therefore, 

limsup e [0,T]/(t) > 7 } < -, 

T^oo J 7 

and finally 

liminf e [0,T]/(t) < 7 } >1-^. 

T^oo I 7 

□ 

Suppose "H is Hilbert space, dj,j = 1,2, are such that, di + ^2 + 

... + djq = D = dim Ti, and H : TL TL a. selfadjoint operator. Consider 
a fixed 00 ^ Td, with |0o| = 1, and ipt = (fo, t > 0, a solution of the 

associated Schrodinger equation. 
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Lemma 13. For fixed T and u = 1, 2,iV, consider the function 


fu^T '■ ^{di, d2,d]\f, Td) X 5* —)■ R, 

given by 

u.TiT>,4>) = ^ r 

Then, converges uniformly on {V, fi) G A((ii, ^ 2 , •••, d^q^TL) x S, when 
T —)■ oo, for any u = 1, 2,iV. 

Proof: 

Suppose 01, 02,0D is a set of eigenvectors of H which is an orthonormal 
basis of Ti. 

Assume that 0o = Then 

D 

0 t = ^ (pj, 

j=i 

where Ej, j = 1,2, ..,D are the corresponding eigenvalues. 

Then, for a given z/ 

|P,(P)0i |2 =< 0i,P,(P) (00 >= < 0,,P,(P) (0^) > . 

q;,/3 


Therefore, 


7 IVl 

ll’=l 

where M E N, Ui, ..,um are real constants and | 0) | < 2. 

Then, 


^ ^ 1 ^iu-uiT 

fu,T(P,(l)) = 0) + - ^ L^,^(p,0)(- 


Uw —0 


U-w ^0 


lU,, 


lU. 


Finally, we get 


M 

^t(P,0)- T.,.(P,0) 

lilt)=0 


1 4M 
T inf^f^^o l^ui 


As M is hxed the claim follows from this. 


□ 


11 



Corollary 14. 



lim — 

T^-oo T 



Pu{v)'4Jt 


for any z/ = 1, 2,iV. 


dt ) dwAiP) 


dji/ (H djy'j 

P + l)’ 


Proof: By Lemma [13] and Corollary [5] we have that 


jim [ dwAiV) ( f ( V’i r - dt ) 


T^oo T 


'0 


lim — 

T^-oo T 


/ dt / (IP.(P)V't 
/o ./a 


i2 dus2j di, [D d,y) 

I - -) = J 2(0 + 1 ) - 


□ 


Theorem 15. Suppose e > 0, 5 > 0 and 6' > 0 are given. Consider natural 
positive numbers d^, z/ = 1, 2,..., N, such that, di + d 2 + ... + dN = D = dim 
H, and moreover assume that, for all z/ = 1, 2..., N, 

, „ i^66'D{D + l) 

Suppose H -. T-L ^ T-L is self-adjoint, the unitary vector fiQ & l-i is 
fixed, and fit = t > 0. 

Then, for (1 — 6)-most of the decompositions V G A{di, d 2 ,dNyTL), the 
inequalities 

I - § I = I I <'\/^ (i' = l,2,..,iV) 

are true for (1 — d')-most of the large times. 

The estimates depend on the initial condition V’o- 

Proof: We denote 

From Corollary [TU for each z/ 

«.i({® 6 A : /„(D)> ^^})< 
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d^{D-d^) DN^ N^D-d^) 
D^D + 1) e^d'du ~ D{D + l)e'^5'' 
Therefore, there exists a set S G A such that 


wa{S) > 1 


{D - d,) 
D{D + l)e‘^5' 


and, at the same time fu{T>) < for all P G S' and all = 1, 2..., N. 

Now, taking in Lemma O o = and 7 = we get for all "D G S' 

and all u = 1,2,..., N 

I I <£\/^ (>^ = i,2,...,/v), 

for (1 — 1 ^) most of the large times. 

Therefore, the above inequalities for all u = 1,2,N, are true for (1 — 5') 
most of the large times. 

□ 

Note that the mean value /i/(T’) depends of the Hamiltonian H but the 
bounds of last theorem does not depend on H. 


4 Uniform estimates 

In this section we will rehne the last result considering uniform estimates 
which are independent of the initial condition 'ipo (for the time evolution 
associated to the hxed Hamiltonian H 

Suppose e > 0, 5 > 0 and 5' > 0 are given. Consider natural positive 
numbers d^, 1/ = 1,2,..., N , such that, di + d2 + ■■■ + d]<q = D = dim % 

We denote for each -00 £ 'H, where |'0o| = 1; and V E A = A{di ,..., d^; %) 

= Y\va I- [ -^fdt, 

T^OO I Jq U 

where "04 = e“**^('0o) (see Lemma [T3|). 

Lemma 16. Suppose are given e > 0 and 5' > 0. Assume there exists non¬ 
negative continuous functions : A ^ M., u = 1,2, ..,N, and K > 0, such 
that 
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1 . ( 2 ) 


®)/i^('0O! < 9 u^ for all V E A and for all ^lJo eH with |'0o 



(3) 


Suppose S is such that 



(4) 


Then, for (1 — 5) most of the T> E A we have 



(5) 


for (1 — 6 ')-most of the large times and for any %Ijo eTL with |' 0 o| = 1 - 
Proof: Note that 



Therefore, there exists a subset E <Z A such that w^{E) <1 — 5 and 
gu{A) < 5' for all A G -E and all u = 1,2..., N. 

The conclusion is: if A G -E, then, f,y{'ijjQ,V) < d 'for all u = 
1,2..., N, and all i/jq with norm 1. 

The proof of the claim now follows from the reasoning of Theorem [TS] and 
Lemma m 


□ 


Note that in order to have 5 in expression (jl]) small it is necessary that 
all di, are large. 

We assume now several hypothesis on H Consider a certain orthogonal 
basis of eigenvectors 0i, 02 , •••, of H. We denote by Ej, j = 1,2, ..,D the 
corresponding eigenvalues. 

We assume hypothesis 2fl 91 which says 

a) H is not degenerate, that is, E^ 7 ^ Eg, for a ^ (3, 

and 

b) H has no resonances, that is, E^ — Ey ^ E^' — Epi, unless a = a' and 


(3 = fd', or, a = ft and a' = ft'. 
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Lemma 17. 


f^{'il)Q,V) < max I < > P+ max (< 

l<a^l3<D l<a<D Jj 

for all -ipo G Ti, such that \%Ijq\ = 1, and for all V G A((ii,..., P) and all 
u = 1,2..., N. 

Proof: Suppose = XlfLi Cq0q. Then, 

D 

'^t = ^ > 0 , 

a=l 


and, 


Therefore, 


P.(P) 0 ^ > 

l<o,/3<D 


(ia(c)*P-|)^ = 


D 


CaCpc^cse < 0a,P^(P)0^ >< 0^,Pi.(P)05 > 

1<Q:,/3,7,5<Z) 

2^ E +A. 


1 <q,/ 3<D 


Using the above expression in the computation of integral 7(7o;T>) will 
remain just the terms where the coefficient of t is zero. By hypothesis, this 
will happen just when a = 5 and ft = 'y, or, a = P and 7 = 5. 

Note that the case Q; = /5 = 7 = 5is counted twice in the estimation. 
Therefore, 


U{pO,V)= ICaHc^P I < 0«,P^(P)0^ > P + 

l<a,p<D 


Y < (fa, Pu{T>)(l)a >< (f'T, Pu{T>)(j)j > - 

l<a, 7 <D 

\Ca\^\ <(fa,Pu{V)<fa> \^-2^ Y \Ca\^ < <Pa, Pu{V)<fa > + ^, 

l<a<D l<a<D 
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because < 0^, PyiV)(j)s > = < (j)s, PyiV)(j)^ >. 

Finally, putting together the hrst and third terms 

^ \Ca?\cp\^ I < 0o,P^('D)0;3 > P + 


( |CqP < (pa: Pui'D)(pa > 

l<a<D 

By the other hand, 


Y \Ca?\Cli? I < (pa:Pv{P>)(pp> ? < 


max I < (pa:Pu{V)(pp> 1^ 

rv3trt< D • ^ 


1<07^/3<£> 


Ca Cfl = 


1<q,/3<D 


I < (Pa, Pu{P)(pp > P( 

l<aj(=p<D 


|2 n2 


l<o<D 


max I < (pa:Pu{V)(pp> l^, 

l<a^/9<D \ /-TM 


because |0o| = 1- 

By the same reason 


|C ,|2 <(Pa,Pu{V)<Pa> -^1 = 


l<a<D 


dv 


Y, ic„iy<0„,p„(®).#.„> -^)\< 


l<a<D 


d]. 


max I < (pa: Pu{V)(pa > “ yy |• 


l<o<D 


D 


□ 


Now, we dehne for each u = 1,2, the continuous function gu{T>) ; 
A{di ,..., dN': "H) = A —)■ M given by 


gy{V) = max | < (pa:Pu{P)(pg > |^+max | < (pa: Pu{P)<Pa > 


d, 


c |2 




\<a<D 


D 


( 6 ) 

We point out that for each V the expression gy{T>) depends just on H 
because as the Ea are all different the eigenvector basis is unique up to a 
changing in order and multiplication by scalar of modulus one. 

Now we need a fundamental technical Lemma. 
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Lemma 18. There exist a constant Ci > 0 such that 


j a,(V)w^(V)< „ = 

if, Cl log L) < du < ^. 

Note that if D is large there is a lot of room for the values d^, to be able 
to satisfy last inequality. We will prove this fundamental lemma in the next 
sections. 

If we assume the Lemma is true, then; 

Theorem 19. Given e, 5 > 0 and 5' > 0, take di,d 2 , ■■■,d]^ such that, if 
D = di + ... + dN, N > 0, then the following inequalities are true 

lOiV^ D 

max (Cl, —— )\ogD < dy < —, n = 1,2, ..,iV, 

€.0 0 ' Oi 

where Ci comes from Lemma 

Assume that TL is a Hilbert space of dimension D and H : H ^ H is a 
self-adjoint Hamiltonian without resonances and degeneracies, then, for (1 — 
6 ) most of the decompositions V G A{di, ...,djq-,'H) the system of inequalities 


PAWi’t I" - ^ I < ' 


ND 


, z/ = 1, 2,..., N 


are true for most of the (1 — 6') large times and for any initial condition 

-00 e n, 1-001 = 1- 

Proof: By hypothesis and Lemma [TS] we get 

[ g„CPViCP) < u = l,2,...,N. 


The claim follows from Lemma [16] by taking K = 


_ 10 log D 

D ■ 


□ 


Main conclusion: 

As we said before, for a given hxed subspace Tty of TL, the observable 
(the orthogonal projection on TLy) is such that the mean value of 

the state 0* is < P^^(00,0i >= |Ph,( 00 p. 

For a hxed Hamiltonian H acting on a Hilbert space TL of dimension D 
the main theorem gives lower bound conditions on the dimensions dy, v = 
1, 2,.., N, of the different TLy of a (1 — 5)-generic orthogonal decomposition P 
of the form TL = Tii ©...©Pat, in such way that the dynamic time evolution 
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xl^t, obtained from any fixed initial condition i/jo, for most of the large times 
t, has the property that the projected component PyiV) {'ipt) = P-uA'^t) 
almost uniformly distributed (in terms of expected value) with respect to 
the relative dimension size ^ of 1-Ly. In this way there is an approximately 
uniform spreading of tjjt among the different l-iv of the decomposition P. 


5 Proof of Lemma [18 


The Lemmas [22] and [23] will permit to reduce the integration problem from 
the unitary group to a problem in the real line. 

We will need hrst an auxiliary lemma. We denote by the unitary 
sphere in and the sphere of radius r > 0 in We consider the 

usual metric on them. 

The next lemma is a classical result on Integral Geometry (see 0). We 
will provide a simple proof in Appendix 2. 

Lemma 20. Suppose X is a Riemannian compact manifold, / : X —)■ M a 
C°°-function and : R —)■ M a continuous function. Wc define 


G{v) = [ {go f)X, 

Jf<v 

where A is the volume form on X. Suppose that a E M. is a regular value of 
f. Then, G is differentiable at v = a and 


dG 

dv 


(a) 


g{o) 


'Xa 


gradf 


where Xa is the level manifold f 


a and Xa is the induced volume form in 


Corollary 21. Given positive integers d,D, where 1 < d < D — 1, denote 
by S the unitary sphere on R^^, with the usual metric. Define 

f{x) = x\ + ... + whereX G S and : R —)■ R is a continuous function. 

Suppose 

G{v) = [ {gof)dX, 
df<v 
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then G is of class and 



D-d-l 


, ifO<v<l, 


and ^{v) =0, if v < 0 or v > 1. 

Proof: For x\ + ... + x\^ = v we have 

grad/(x) = 2{{l- v)xi,...,{l- v)x 2 d,-vx 2 d+l,■■■,-vx 2 D)■ 

^ih.en, |grad/(a;)| = 2 ^Jv (y — 1), which is constant over = {f = v}. 
Note that 



From last Lemma and from the above expression it follows that (remem¬ 


ber that vol 


dG 1 2 7r'^r./Fi2<^-l 2 7r^-'^r./rn^i2(D-d)-l 




0 < n < 1. 


In the case n < 0 or n > 1, we have that G is constant. Finally, as Sq and 
Si are snbmanifolds of S we have that G is continnous for n = 0 and n = 1. 

□ 

From now on we £x v, where 1 < v < N, and we dehne 



where 0i, 4>d is the orthonormal basis for Ti which were hxed in section |H 


Lemma 22. Suppose 1 < d^, < D — 1. Let a > 0 be such y/a < ^ and 
yfa -1- ^ < 1. Then, the probability such that {ea ,/3 — > a is 



Lemma 23. Suppose 1 < d^, < D — 1. Let a Y Y 0 < a < 1/4. Then, 
the probability such that \ ea,fs P > a is 


(d, - 1)! (D - d, - 1)! 


P-1)! 


/, 


1/2 - (1 - WY--^ 


1/2 + ^/viF^ (w (1 - in) - a)^-2 , 

—FT-i— tt::-— rdw 
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Proof of Lemma I22t We just have to consider the case v = 1. We write 
d = di and denote by P the orthogonal projection of P over C0i + ... + C0d- 
We denote by p : U —)■ A the projection defined in the beginning of section 
[21 where U denotes the group of unitary transformations of P. 

If t/ e U, then 

ea,a{p{U)) =< orthogonal projection of 0Q, in Ct/(0i)+...+C 17(0^) >= 

<17-H0a),P(17-Va)>- 

Denote g : U —)■ S', where q{U) = U{(j)a), f/ G U and a : S — )■ M, where 
cr(0) =< 0, P{(f>) >, ^ S, and where S is the unitary sphere of P. 

Then, we get the following commutative diagram: 

inverse 


u 


u 

pi 


; q 

A 


s 


\ 



As the inverse preserves the metric, it follows from Lemma [T] a) that the 
probability of ea,a < b is equal to the probability that a < b. Note that the 
metric on S as quotient of U is the same as the induced by P because U acts 
transitively on S. 

It will be more easy to make the computations via the right hand side of 
the diagram. 

We identify P with via 0i, 02,..., Then S is identified 

with the unitary sphere in also denoted by S, and 

cr : S ^ M, a{x) = + ... + xl^, x G S. 


Therefore, by Corollary 1211 with 


d (Vol (cr < n)) 


271 


.D 


dv 


{d-l) \ {D-d-1) 


: V 


4-1 


if 0 < n < 1, 


and 


if n < 0 or n > 1. 


d (Vol {<J < v)) 
dv 


= 0 , 
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Now, we normalize dividing by vol S 


_ 2 nO 

P-1)! 


and we get 


d (prob (g < n)) ^ (-P - 1)! d-i _ „\D-d-i 

dv {d-l)\ {D-d-l)\ ^ ’ 

As (caa — > a is eqnivalent 


, if 0 < n < 1. 






+ ^/a, or 


^ r 

<;p -v/S. 


we get that the probability of {ea,a ~ %Y > a is eqnal to the probability 
of cr > A _|_ or cr < A — y^. From this follows that the probability of 
Ya,a ~ '^Y > a is eqnal to 


P-1)! 

{d-l) \ {D-d-l)\ 


rl /• — 

[ / {l-v)^-^-^dv+ / "" 

J ■^+^/a Jo 




Observe that a = constant is an analytic snbset of S and therefore the 
associated probability is zero. The case a = 0 is trivial. □ 

Proof of Lemma 1231 We jnst have to consider the case u = 1. Take 
d = di and as before we denote by P the orthogonal projection of "H over 
C01 + ... + C0rf. Once more we denote by p : U —)■ A the projection defined 
in the beginning of section [2l 

If f/ e U, then 

ea,i 3 {p{U)) =< 0Q, orthogonal projection of 0/3 in Cf/(0i)+...+C f/(0(i) >= 

< 17-1(0.), P(f/-V/3)>- 

Denote qa,i 3 : U —)■ 5 x S', where qa,i 3 {U) = ( U{(j)a), U{(j)iY )), 17 G U, and 
S is the nnitary sphere of "H. 

Denote by M = qa^piJJ) = {(0,0) G S x S | 0 is orthogonal to 0 }. 

Let C U the closed snbgronp of the U snch that U{J>a) = 0. and 
tl(0/3) = 0/3- 

Then, M = and qa^p : U ^ M is the canonical projection. 

The qnotient metric on M is the induced by S x S because U acts tran¬ 
sitively on M. 
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Let / : M —)■ C given by /(0,-0) =< 0,-P('0) > • Then, we get the 
following commutative diagram: 


inverse 

U ^ U 

P ■I' 4' ?a,/3 

A M 

c 

As the inverse preserves the metric of U, it follows that the probability 
of < a is equal to the probability that |/p < a by Lemma [U a). 

Now consider ip : M ^ S, such that ip{(j),'ip) = 'ijj. This dehnes a C°° 
locally trivial hber bundle with hber Indeed, is the 

unitary sphere of the subspace which is is the orthogonal set to V’ in "H. 

Given u G M denote: 

F^{ij) = E^ n {\f\^<u}, ijes. 


Then, 


Vol({|/p<n}) = [ vob,(F„(^)) dSii;). 

Js 

For each -0 we get ijj' via 

P{'ijj) = cip + , where c G C and ip' is orthogonal to tp. 

Note that rp' G "Hp. Then 

ficp.^p) =< (p,P{'ip) >=< 0,-0' >, 


and it follows that 

Fui'ip) = {0 G -Ep : I < (/>, < u}, M G M, -0 G 5. 

There exist an isomorphism identifying between 

Hilbert spaces which transform pj' in 0,..., 0). This isomorphism iden- 
tihes E^ with the unitary sphere E on and E^pip) with the set 

{x G -F : \'tp'\^{x\ P x\) < u]. 
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Now applying Corollary ED with D — 1 instead oi D, d = 1, g = 1 and 
V = ^ we get 

d^o\E^Fu{'ip) ^ 2 'k^~^ u ^_3 1 _ 27r^~^ — u)^~^ 

for all G S' and 0 < m < and 

dVolE^Fuijj) _ ^ 
du 

if 1-0'p < K < 1, for any E S. 

Then we get that -is a continuous function of (m, 0) for 0 < 

M < 1 and 'ip E S. As S' is compact we can take derivative inside the integral 
and we get 


dYo\{\f\^<u) 

du 



dVob F„(0) 

-f- dS{ij) 

du 


for any 0 < m < 1. 

By the definition of -0' it is easy to see that |0'p = |P(0)p (1 — |P(0)p). 
Now we consider : M —)■ M where 


gu{w) 


{w {1 — w) — u)^ ^ 
{w (1 — 


if M < tc (1 — w), and gu{w) = 0 in the other case. 

gu{,w) is a continuous function of u and w when 0 <m< 1, 0<w<l. 
From this follows that 


dVo\{\f\^<u) 

du 


p^_3)! |P(0)nd^(0) 


for any 0 < m < 1. 

Now we normalize dividing by Vol (M) = , and we get 


dProb(|/p < u) 
du 


(p-i)!(p-2) r 

( 2 vr^) Js 


9u o |P(0)|^)d^(0) 


(7) 


for any 0 < m < 1. 

Denote 

A{u,w)= [ O |P(0)|2)d^(0), 

J\P(lp)\^<W 

for any 0 <m< 1, 0<tc<l. 
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By Corollary HT] we get 


j {9uo\P{ij)\^)dS{'ijj) = A{u,l) = A{u,l) - A{u,0) = ^{u,w)dw, 

for any 0 < m < 1. 

Estimating by Corollary [2T] and substituting in ([7]) we finally get 

dProb(|/|2 < m) _ {D-l)\{D-2) C {w{l-w)-u)^-^ 

du {d-l)\{D-d-l)\ (1 - wy-^ ^ 

for any 0 < m < 1. 

If M > 1/4, w {1 — w) < u for all w and the integral is zero. 
If0<w<l/4, M< w{l — w) is equivalent to 

1/2 - ^/l/A-u <w<l/2 + ^/l/A-u. 

Then, 

dProb(|/p < u) 
du 

{D-1)\{D- 2) C/2+Vi/4-« (1 - w) - 

(d-i)!(zi-d-i)! (1 - 

if 0 < M < 1/4, and 

dProb(|/p < u) ^ ^ 
du 

if 1/4 < M < 1. 

Finally, for 0 < a < 1/4 

Prob(|/|^ > a) = 

{D-l)\{D-2) 1‘1/2+^1/4-u (1 _ _ u)^-3 

(d-l)!(Zl-d-l)! A A/2 -v^ (1 _ 

Considering the double integral in the region a < u < w {1 — w) we get 

Prob(|/|2 > a) = 

{D-1)\{D- 2) C/S+yiTi^ (!-«;) (1 _ y;) _ „)0-3 

(d-l)!(Zl-d-l)! A/2 -v^ 'a (1 - “ “ 

(D - 1)! rl/2+^TJI^ (1 - w;) - a)^-2 ^ 

(d-l)!(Zl-d-l)! VvTTi^ (1 _ ^)^-i 
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The case a = 0 is trivial. 


□ 

Remark: Note that if : A —)■ M is a continuous function such that 
0 < g{T^) < for all P G A, then we get the estimate 


/ g{V)w^{V) = / g{V)w^{V) + / g{V)w^{V) < 

J A J g>a J g<a 

r Prob {g > a) + a, 

for 0 < a < 1. 

Given positive integer numbers d, D and a G M such that 

d? , d r- 

1 < d < D — 1, 0<a< — and — + ^/a < 1 

D 


we dehne 


I{d, D, a) 


P - 1)! 

{d-l)\{D-d-l)\ 



(1 - du. 

P“]U[^+pa, 1] 


Below we will use the estimate 6 = 11/12. 


Lemma 24. There exists a constant C > 4, such that, i/ a > 0, d > 1 
C logH < d < ^ and < ^/a < then 

D 9 a 

I{d, D, a) < —j= e 2 d . 
vd 

Proof: Note that our hypothesis implies that l<d<Zl — 1, a^< ^ 
and jy + ^/a < 1. 

a) By Stirling formula, when D^oo,d^oo,D/d^oo,we get that 


(D - 1)! 


(d - 1)! (D - d - 1)! 


_ 1 jA(^)-d(l _ ^)d-D 
e V 271^0’ ^ d’ 


As 


< 1, there exists a constant A such that if H > A, d > A and 


D/d > A, we get 


_ (-P 1) • _ , /L)-d(^ _ /!_\d-D 

{d-l)\{D-d-l)\ 2^D^ ^ 
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If we take C > A + 1 it follows from the hypothesis of the Lemma that 
D > dC > dA, d > CiogD > C > A and D — d > dC — d = d{C — 1) > 
dA> A. 

b) The derivative of (1 — with respect to u in (0,1) is zero 

only on the point u = which is smaller than d/D. 

Moreover, 

d d 1 d — 1 d — 1 

— -Va<—- — = ^ ^ 

Then, ^ e C ^ + ^a). 

From this it follows that u'^~^ (1 — takes its maximal valnes on 

the set [0, — y/a\ U [-^ + y/a, 1] on the point ^ — y/a or on the point + y/a. 

Under our hypothesis, if C* > A + 1 we get that for e = 1 or — 1: 

i{d,D, a) < ^ = 

(1 + €-Sv/H)yi - €^£375)°-“ 

2 (■§ + e\/a) (1 - - ey/a) 

c) If e = 1 with U > 4, U > A + 1 we get 

d „ d d d f- 

( ^ + eVa) a) = 7^ + v a “ - a > 

d d? ^d ^ ^ d d? ^ d^ d hd? ^ d 5d^^ d 
D~ ^ D~ ^D~ Id^ ^ ~ Id^ ^ 2D' 

If e = 1 with U>4, U>74 + 1 one can show in the same way that 

(4 + £^)(i-d-,^)> A, 

In this way we hnally get that for e = lore = —1 

I(d,D,a)<^^{ l + c 1 - ^ 
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Note that 


exp [d log(l + e ^Va) + {D - d) log(l - e ^ y/d)] < 

D D ID"^ e 3 / 2 . ... D ^ 

— e,,p[d{,-V^---a + -^a/) + {D-dn-e—^V^)]. 

This is so because log(l + x) = x — ^ + ^ + ..., for |x| < 1, ^\/a < 1/8, 
and 

Therefore, if C > 4 and C > A + 1, then 


D 


1 




/(d.Aa)<^exp[---a + -^an 


for e = 1 or e = —1. 
Note that 


\'i (P ^ ^ \ _ 2 D 1^2 d _ 

I - l^a| 3d 3 d 8Z1 12' 

Therefore, if C > 4 and C > A + 1, we hnally get 


/(d, H, a) < —j=e~ 
vd 


□ 

Motivated by the Remark before Lemma [M] we will choose a convenient 
choice of a. 

Corollary 25. There exist Co > 4 such that if d and D are such that 
Co log H < d < then 

dvS’ 


wAere o = 

Proof: Take Co > C (of Lemma 1241) and Co > 24^. Then, 


a = 


Is yjd log D 

e D 


< 3 


did 


D 


3d ^ 3d d 
Dy/Qd ^ UU ~ 
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because | < 9. 

Moreover, -/a > 

By Lemma [211 we get that 


I{d,D,a) < 


Se 8 d loK D 

2 d e 


D 

\fd 


g-4 logD 


1 

D^y/d' 


□ 


Lemma 26. Suppose Cq is the constant of Corollary\2^ Given 1 < v < N, 


suppose that C^XogD < d^ < then, 


^ d,, ^ 9rf^logL> 

max (< (fa, Pu{V) (pa > —p:) wa{T>) < 


IA 


D 


D2 


Proof: Suppose a = ^ ^°g ^ 


eD^ 


By Corollary |2S] and Lemma [22] (see also the beginning of the proof of 
Lemma we get that the probability of the above integrand to be great or 
equal to a is smaller than D ^3^^ = -jyr^- 

As we point out in the Remark before Lemma [211 the integral is smaller 
than 

1 d> dy logD 


Note that 


' e ' 

^ / q _ ® = A 

dT \ogD d 11’ 


because logH > {\ogD)^P > > 8 > y. 

Therefore, 


8 d^ log D 8 di, log D 8 d^ log D 9dy log D 

< (9 - x)--h - 


D2^ e ZI 2 


6' D2 


e D2 


D2 


□ 

In Lemma [18] the function is defined as the sum of two terms (see 
expression (JH]). The Lemma [2S] takes care of the upper bound of the integral 
of the second term. Now we will estimate the upper bound for the first term 
(using the Remark done before Lemma [2ljl . First we need two lemmas. 

Lemma 27. Suppose (p and ip are orthonormal and E G H is a subspace. 
Denote by P the orthogonal projection ofH over E. 

Then, \ < (p, P^ip) > P < 1/4. 






















Proof: If ifj is orthogonal to E or ip ^ E we have that < 0, P{ip) >= 0. 
Suppose ijj is not on E and is also not orthogonal to E. Suppose ip = 
01 + 02 , where ipi is orthogonal to E and 02 G E. 

Let A = |0i| and /i = | 02 |, then ipi = Aei, 02 = /ie 2 , where ei and 62 are 
orthonormah 

Denote by 6 the orthogonal projection of 0 over Cei + Ce 2 . Then, 

\6\ < 1 and a =< (p, P{ip) >=< 0 ,02 >=< 9,ip2 > ■ 

Now, < (p, Ip >= 0 implies that 

0 =< 0, 01 > + < 0, 02 > = < 6^, 01 > + < 6^, 02 > . 

Suppose 9 = aei + be 2 , then |ap + |6p < 1. By the other hand 1 = |0| = 
101 + 02 | = |Ap + l/ip and 

a =< 9,ip2 > = bjl, < 9,ipi > = a \, a \ = — bjt = —a. 

From this it follows that + If P = 1, that is, jap = < \- 

Note that if a6 = 0, then a = 0. 

□ 

Lemma 28. Given positive integers d,D, where 1 < d and D > 2d + 2, 
denote 


f{t) = (1 - (1 + ty-'^ + (1 +(1 - ty-'^. 


then, fit) is inereasing on the interval (0,1). 

Proof: 

For any t G (0,1) we have 


fit) = ii-t)'^^^-^ ii + ty-'^[ 


l-d d+l-D 


1 + t 


(1 + 1 ) 


d+l-D ^\l-drd+^ D 


(l-f)'-'" [- 


1 + t 


1 -t 
1 - d 
1-P 


] + 


Taking ^ > 1 we get 


(1+f)^ ^ f'it) = ^ [iD—d—1) z—id—l)]+z‘^ ^[id—l)z—iD — d—l)]> 

zD-d-i^iD _ d - i) - l^d-fi+z'^-fid-f-iD-d-l)] = 
izD-d-i iD-2d)>0, 

because z > 1, 
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□ 

Suppose 0 < a < 1/4 and d, D positive integers snch that 1 < d < D — 1. 
Define 


J{d, D, a) 


{D-l)\ ri/ 2 +^TJI^ {1-w)- a)^-2 


Lemma 29. Suppose d, D are positive integers l<d, 2d + 2<D. Then, 

0 < J{d,D,a) < where 0 < a < 1/4. 

Proof: Note that J{d,D,a) is positive. 

In the integration we divide the integral in two parts: [1/2 —a/ 1/4 — a, 1/2] 
and [1/2, 1/2 + ^^1/4-a]. 

We make a change of variable ta = 1/2 — on the first interval 

and ta = 1/2 + a/1/4 — a; on the second interval. On both cases we get 
X = w {1 — w) and a < x < 1/4. 

From this it follows 


J{d,D,a) = 


P-1)! 


(d-l)!(D-d-l)! 




1D-2 


(£>-!)! 


X 


.d+l—D 


X] 


\ 1—d 


dx = 


-1/4 


(d-l)!(D-d-l)! 


2^l/A-x 

(a;-a)^"^[(l-Vl - AxY^^~^ (1 +Vl - 4a;)^"P 


(1 + Vl - 4a;)‘^+^"-^ (1 - Vl - 4a;)^"‘^; 


dx. 


a/I — 4a; 

Now we consider y = In this case (1 — 4a;) = (1 — 4a)(l — y'). 

Then, 

J{d, D, a) = 

(1 - 4a)3/2 (D - 1)! 


D-2 




-D 


2D{d-l)\{D-d-l)\ io 

(1 + VI-4a ^Jl-yY-^ + (1 + VI-4a ^1 - 


-D 
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1 


(1 - \/l - 4a V"! - yY 


\/l -1/ 


dy. 


Note that just the expression under [ ] depends on a. For each y G (0,1) 
we have \/l — 4a \/l — y G (0,1) is an decreasing function of a. It follows 
from Lemma [28] that for each y G (0,1) the integrand is a decreasing function 
of a. 

Therefore, is a decreasing function of a. As J{d, D,0) = 1 (see 

Lemma 125]) it follows that 


J(d,D,a) < (10 < a < 4. 


Finally, note that (1 —Aa)^ < e 


□ 


Corollary 30. Ifl<d, D>2d+2 and then 


J{d,D,a)<D 2 d , where a = 


9 log D 


3 logH 

4 D ■ 


Proof: It follows from Lemma 12^ because 0 < < \- 


□ 


Lemma 31. Suppose 1 < u < N, 3 < d^, D > 2dy + 2 and 
Then, 

[ max \ < (pa,PuiT^)(l)y > \‘^wa{'D) (8) 

where 0i ,is an orthonormal basis of eigenvectors for H (without reso¬ 
nances). 

Proof: By Lemma 1231 and Corollary IHOlthe probability that the integrand 
is bigger than a is smaller than 

D (D — 1) n 9 iord 3 logH 

— - - D 2D a = - — — 

2 ’ AD ^ 

because as we just have to take a < (3. 

By the Remark before Lemma [23| the integral is smaller than 


3 logH 

4 D 


+ 




9 log D 
^ 2D 


because by Lemma 1271 \ec,f}\ < 1/4. 
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As D-1 < D we have 


—- l £) -Sg 2D 

logg 

D 

1 9 logP 9 log -D 1 

<C -e 2D - = P 2D -^ 

8 D log D 8 log D' 


Now, as D > 9, logD > 2, we get 


1 9 logP 1 g/in e 

< 1/4. 


Now we put the two estimates together | ^2^ _|_ 1and we get the 
claim of the Lemma. 

□ 

The Lemma [TS] follows from Lemmas [22] and EU In this way we get the 
claim of the Quantum Ergodic Theorem of von Neumann. 


6 Appendix 1 

In this Appendix we will show that 
1 


vol (S) 


[ i^\xj\'^?dS{x) = 

Js 


D{D + l)' 


(9) 


First we will show that when S is the unitary sphere in M"', m > 1 and 
n > m, then 


(f:i.irtdSW = voi(S)^!^. (10) 

j=l ^ 

It is easy to see that ([9]) follows from fITOD . 

1) / x‘^dS{x) = '"°dS) fQj, j _ 1^2, ...,n because the integral does not 
depend of j. 

2) Suppose B is the unitary ball in M"^. Consider in polar coordinates 

T : ^ X [0,1] ^ D, 

where T{x,p) = px. 

Then, T*{dxi A ... A dxn) = p^~^dS{x) A dp. 
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Therefore, 


(x? + .. 


+ xl)dxi...dxn = 


< B 


'Sx[0,l] 


T*{{x\ + .. + xl)dxi A ... A dxn) = 


'5x[0,l] 


p^^^dS{x) Adp = vol(S') [ p^^^dp = 


n + 2 


Finally, J^x‘jdxi...dxn = n{n^l) because it is independent of j 
3) For j = 1, 2..., n, we have 


l,2...,n. 



dXi...dXn 


3vol(S') 
n (n + 2) 


by the divergent theorem and by 2) above. 
4) If < i < j < n, then 



' B 


Xj dXi...dXr. 


vol(5) 
n (n + 2) ’ 


by the divergent theorem and by 2) above. 
The integral 



d S{x) 


is a sum of terms of the kind f^xfxjdS(x), i ^ j, and JgXj dS{x), j = 

1,2, ..n. 

Just collecting the different terms and using the estimates above we get 
the initial claim f[T0|l . 


7 Appendix 2 - proof of Lemma [20 


Suppose e > 0 is small enough, consider 

/ |/-l(a-e,a+e) ^ “ ^5 O + c) -A- (o — 6, O + c) 

Given h e M, 0 < |h| < e, then integrating {g o f) X we get 


r*h 


G[a + h) — G(a) — / g[a -\-t)dt 

Jo Jxa+t \ 
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(where is the volume form on = / ^(u) for u G (a — e, a + e)) because 
(i/(grad/) = | grad / p. From this follows that for some 0 < 6^ < 1 we have 

G{a + h)-Gia)= hgia+ eh) [ , 

I g'^ad/l 

Now we divide the above expression by h and we take the limit when 
h^O 

□ 
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